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D license.1. Introduction
Let AðpÞ denote the class of functions f(z) of the form
fðzÞ ¼ zp þ
X1
k¼pþ1
akz
k ðp 2 N ¼ f1; 2; . . .gÞ; ð1:1Þ
which are analytic and p-valent in the open unit disk
U ¼ fz : z 2 C and ŒzŒ< 1}. Let gðzÞ 2 AðpÞ, be given by
gðzÞ ¼ zp þ
X1
k¼pþ1
gkz
k: ð1:2ÞThe Hadamard product (or convolution) of f(z) and g(z) is
given by
ðf  gÞðzÞ ¼ zp þ
X1
k¼pþ1
akgkz
k ¼ ðg  fÞðzÞ: ð1:3Þ
A function fðzÞ 2 AðpÞ is said to be p-valent starlike of order a,
denoted by SpðaÞ, if and only if
Re
zf0ðzÞ
fðzÞ
 
> a ð0 6 a < p; z 2 UÞ: ð1:4Þ
A function fðzÞ 2 AðpÞ is said to be p-valent convex of order a,
denoted by Cp(a), if and only if
Re 1þ zf
00ðzÞ
f0ðzÞ
 
> a ð0 6 a < p; z 2 UÞ: ð1:5Þ
The classes SpðaÞ and Cp(a) were deﬁned by Owa [1]. From
(1.4) and (1.5), it follows that
fðzÞ 2 CpðaÞ () zf
0ðzÞ
p
2 SpðaÞ: ð1:6Þicense.
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function f(z) is subordinate to g(z) in U and write f(z)p g(z),
if there exists a Schwarz function w(z), analytic in U with
w(0) = 0 and Œw(z)Œ< 1 such that f(z) = g(w(z)) (z 2 U).
Furthermore, if the function g is univalent in U, then we have
the following equivalence (see [2]):
fðzÞ  gðzÞ () fð0Þ ¼ gð0Þ and fðUÞ  gðUÞ:
Let u(z) be an analytic function with positive real part on U
satisﬁes u(0) = 1 and u0(0) > 0 which maps U onto a region
starlike with respect to 1 and symmetric with respect to the real
axis. Let Sb;pðuÞ be the class of functions fðzÞ 2 AðpÞ for which
1þ 1
b
1
p
zf0ðzÞ
fðzÞ  1
 
 uðzÞ ðz 2 UÞ; ð1:7Þ
and Cb,p(u) be the class of functions fðzÞ 2 AðpÞ for which
1 1
b
þ 1
bp
1þ zf
00ðzÞ
f0ðzÞ
 
 uðzÞ ðz 2 UÞ: ð1:8Þ
The classes Sb;pðuÞ and Cb,p(u) were introduced and studied by
Ali et al. [3]. We note that S1;1ðuÞ ¼ SðuÞ and C1,1(u) = C(u),
the classes S*(u) and C(u) were introduced and studied by Ma
and Minda [4]. The classes S*(a) and C(a) are the special cases
of S*(u) and C(u), respectively, when uðzÞ ¼ 1þð12aÞz
1z
ð0 6 a < 1Þ.
For b 2 C ¼ C n f0g; 0 6 k 6 1 and p 2 N, we let
Sk,b,p(g,u) be the subclass of AðpÞ consisting of functions f(z)
of the form (1.1), the functions g(z) of the form (1.2) with
gk > 0 and satisfying the analytic criterion:
1þ 1
b
1
p
zðf  gÞ0ðzÞ þ kz2ðf  gÞ00ðzÞ
ð1 kÞðf  gÞðzÞ þ kzðf  gÞ0ðzÞ  1
 
 uðzÞ: ð1:9Þ
We note that for suitable choices of g(z), k, b, p and u(z), we
obtain the following subclasses:
(1) S0;b;pðg;uÞ ¼ Sb;p;gðuÞ (see Ali et al. [3]);
(2) S0;b;p z
p
1z ;uðzÞ
 	 ¼ Sb;pðuÞ and S1;b;p zp1z ;uðzÞ 	 ¼ Cb;pðuÞ
(see Ali et al. [3]);
(3) S0;1;pðg;uÞ ¼ Sp;gðuÞ and S0;1;p z
p
1z ;uðzÞ
 	 ¼ SpðuÞ (see
Ali et al. [3]);
(4) S0;b;1 z1z ;uðzÞ
 	 ¼ SbðuÞ and S1;b;1 z1z ;uðzÞ 	 ¼ CbðuÞ
(see Ravichandran et al. [5]);
(5) S0;1;1 z1z ;uðzÞ
 	 ¼ SðuÞ (see Ma and Minda [4] and
Shanmugam and Sivasubramanian [6, with a= 0]);
(6) S1;1;1 z1z ;uðzÞ
 	 ¼ CðuÞ (see Ma and Minda [4] and
Shanmugam and Sivasubramanian [6, with a= 1]);
(7) S0; 1cpð Þeia cos a;p
zp
1z ;
1z
1þz

 
¼ Saðp; cÞðjaj < p
2
; 0 6 c < pÞ
(see Patil and Thakare [7]).
Also, we note that:
(1) Sk; 1cpð Þeia cosa;p
zp
1 z ;u
 
¼Sak;p;cðuÞ¼ fðzÞ 2AðpÞ :
eia zf
0 ðzÞþkz2 f00 ðzÞ
ð1kÞfðzÞþkzf0 ðzÞ
h i
 ccosa ipsina
ðp cÞcosa
8<
:
uðzÞðjaj< p
2
; 06 c< p;06 k6 1Þ
)
;(2) S0; 1cpð Þeia cos a;p
zp
1 z ;u
 
¼ Sap;cðuÞ¼ fðzÞ 2 AðpÞ :
eia zf
0 ðzÞ
fðzÞ

 
 c cos a ip sin a
ðp cÞ cos a
8<
:
 uðzÞ jaj < p
2
; 0 6 c < p

 )
;(3) S1; 1cpð Þeia cos a;p
zp
1 z ;u
 
¼ Cap;cðuÞ¼ fðzÞ 2 AðpÞ :
eia 1þ zf00ðzÞ
f0ðzÞ

 
 c cos a ip sin a
ðp cÞ cos a
8<
:
 uðzÞ jaj < p
2
; 0 6 c < p

 )
;
X1 !(4) Sk;b;p zpþ
k¼pþ1
Ck;pða1Þzk;u ¼Sk;p;bða1;uÞ¼ f2AðpÞ : 1þ1
b
1
p
zðHp;‘;mða1ÞfðzÞÞ0 þkz2ðHp;‘;mða1ÞfðzÞÞ00
ð1kÞðHp;‘;mða1ÞfðzÞÞþkzðHp;‘;mða1ÞfðzÞÞ0
1
 
 ½uðzÞ ð‘6mþ1;‘;m2N0 ¼N[f0gÞ
where the operator
Hp;‘;mða1ÞðzÞ ¼ zp þ
X1
k¼pþ1
Ck;pða1Þzk;
Ck;pða1Þ ¼
ða1Þkp    ða‘Þkp
ðb1Þkp    ðbmÞkp
1
ðk pÞ! ; ð1:10Þ
a1, . . . , a‘ and b1, . . . , bm are real parameters, bj „ 0, 1, 2,
. . . ; j= 1, . . . , m, was introduced and studied by Dziok and
Srivastava [8];
(5) Sk;b;p zpþ
X1
k¼pþ1
pþ ‘þ cðkpÞ
pþ ‘
 m
zk;uðzÞ
 !
¼Sk;p;bðm;c; ‘;uÞ¼ f2AðpÞ : 1þ1
b
1
p
z Imp ðc;‘ÞfðzÞ

 0
þkz2 Imp ðc; ‘ÞfðzÞ

 00
ð1kÞ Imp ðc; ‘ÞfðzÞ

 
þkz Imp ðc; ‘ÞfðzÞ

 0 1
2
64
3
75
8><
>:
uðzÞðcP 0;‘P 0;m2Z;p2NÞ
)
;
he operatorwhere t
Imp ðc; ‘ÞðzÞ ¼ zp þ
X1
k¼pþ1
pþ ‘þ cðk pÞ
pþ ‘
 m
zk; ð1:11Þ
was introduced and studied by Prajapat [9], (see also, Catas
[10] and El-Ashwah and Aouf [11] with m 2 N0).
In this paper, we obtain the Fekete-Szego¨ inequalities for
functions in the class Sk,b,p(g,u).
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Let X be the class of functions of the form
wðzÞ ¼ w1zþ w2z2 þ w3z3 þ . . . ; ð2:1Þ
in the open unit disk U satisfying Œw(z)Œ< 1.
To prove our results, we need the following lemmas.
Lemma 1 [12]. If w 2 X, then for any complex number t,
w2  tw21
  6 maxf1; jtjg:
The result is sharp for the functions given by
wðzÞ ¼ z or wðzÞ ¼ z2:
Lemma 2. [3,4] If w 2 X, then
w2  tw21
  6
t if t 6 1;
1 if  1 6 t 6 1;
t if tP 1:
8><
>:
When t< 1 or t> 1, the equality holds if and only if
w(z) = z or one of its rotations. If 1< t< 1, then the equal-
ity holds if and only if w(z) = z2 or one of its rotations. If
t = 1, the equality holds if and only if
wðzÞ ¼ zðzþ gÞ
1þ gz ð0 6 g 6 1Þ;
or one of its rotations. If t = 1, the equality holds if and only if
wðzÞ ¼  zðzþ gÞ
1þ gz ð0 6 g 6 1Þ:
or one of its rotations. Also the above upper bound is sharp and it
can be improved as follows when 1< t< 1:
w2  tw21
 þ ðtþ 1Þjw1j2 6 1 ð1 < t 6 0Þ;
and
w2  tw21
 þ ð1 tÞjw1j2 6 1 ð0 < t < 1Þ:
Lemma 3 13. If w 2X, then for any real numbers q1 and q2, the
following sharp estimates holds:
w3 þ q1w1w2 þ q2w31
  6 Hðq1; q2Þ; ð2:2Þ
where
Hðq1;q2Þ¼
1 for ðq1;q2Þ 2D1[D2;
jq2j for ðq1;q2Þ 2
[7
k¼3
Dk;
2
3
ðjq1jþ1Þ jq1 jþ13ðjq1 jþ1þq2Þ

 1
2
for ðq1;q2Þ 2D8[D9;
q2
3
q2
1
4
q2
1
4q2

 
q2
1
4
3ðq21Þ

 1
2
for ðq1;q2Þ 2D10[D11f2;1g;
2
3
ðjq1j1Þ jq1 j13ðjq1 j1q2Þ

 1
2
for ðq1;q2Þ 2D12:
8>>>>>>>>>><
>>>>>>>>>>:
The extremal functions, up to rotations, are of the formwðzÞ ¼ z3; wðzÞ ¼ z; wðzÞ ¼ w0ðzÞ
¼ ðz½ð1 kÞe2 þ ke1  e1e2zÞ
1 ½ð1 kÞe1 þ ke2z ; wðzÞ ¼ w1ðzÞ ¼
zðt1  zÞ
1 t1z ;
wðzÞ ¼ w2ðzÞ ¼ zðt2 þ zÞ
1þ t2z ; je1j ¼ je2j ¼ 1;
e1 ¼ t0  e
ih0
2 ða	 bÞ; e2 ¼ e
ih0
2 ðia bÞ;
a ¼ t0 cos h0
2
; b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t20 sin2
h0
2
r
; k ¼ b a
2b
;
t0 ¼
2q2 q
2
1 þ 2
 	 3q21
3ðq2  1Þ q21  4q2ð Þ
 1
2
; t1 ¼ jq1j þ 1
3ðjq1j þ 1þ q2Þ
 1
2
;
t2 ¼ jq1j  1
3ðjq1j  1 q2Þ
 1
2
;
cos
h0
2
¼ q1
2
q2 q
2
1 þ 8
 	 2 q21 þ 2 	
2q2 q
2
1 þ 2ð Þ  3q21
 
:
The sets Dk,k = 1,2, . . . , 12, are deﬁned as follows:
D1 ¼ ðq1;q2Þ : jq1j6
1
2
; jq2j6 1
 
;
D2 ¼ ðq1;q2Þ :
1
2
6 jq1j6 2;
4
27
ðjq1jþ1Þ3ðjq1jþ1Þ6 q26 1
 
;
D3 ¼ ðq1;q2Þ : jq1j6
1
2
; q2 61
 
;
D4 ¼ ðq1;q2Þ : jq1jP
1
2
; q2 6
2
3
ðjq1jþ1Þ
 
;
D5 ¼ ðq1;q2Þ : jq1j6 2;q2P 1f g;
D6 ¼ ðq1;q2Þ : 26 jq1j6 4; q2P
1
12
q21þ8
 	 
;
D7 ¼ ðq1;q2Þ : jq1jP 4; q2P
2
3
ðjq1j1Þ
 
;
D8 ¼ ðq1;q2Þ :
1
2
6 jq1j6 2;
2
3
ðjq1jþ1Þ6 q2 6
4
27
ðjq1jþ1Þ3ðjq1jþ1Þ
 
;
D9 ¼ ðq1;q2Þ : jq1jP 2;
2
3
ðjq1jþ1Þ6 q26
2jq1jðjq1jþ1Þ
q21þ2jq1jþ4
 
;
D10 ¼ ðq1;q2Þ : 26 jq1j6 4;
2jq1jðjq1jþ1Þ
q21þ2jq1jþ4
6 q26
1
12
q21þ8
 	 
;
D11 ¼ ðq1;q2Þ : jq1jP 4;
2jq1jðjq1jþ1Þ
q21þ2jq1jþ4
6 q2 6
2jq1jðjq1j1Þ
q212jq1jþ4
 
;
D12 ¼ ðq1;q2Þ : jq1jP 4;
2jq1jðjq1j1Þ
q212jq1jþ4
6 q2 6
2
3
ðjq1j1Þ
 
:
Unless otherwise mentioned, we assume throughout this paper
that b 2 C; 0 6 k 6 1; kP pþ 1; p 2 N and the function
g(z) is given by (1.2) with gk > 0.
Theorem 1. Let u(z) = 1 + B1z + B2z
2 + . . ., B1> 0. If
f(z) given by (1.1) belongs to the class Sk,b,p(g,u) and l is a
complex number, then
apþ2  la2pþ1
  6 pB1jbj
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 

max 1; B2
B1
þ pB1b 1 2l
gpþ2
g2pþ1
1 k
2
ð1þ kpÞ2
 !" #

( )
;
ð2:3Þ
and
japþ3j 6 pB1jbj
3gpþ3
1þ kðp 1Þ
1þ kðpþ 2Þ
 
Hðq1; q2Þ; ð2:4Þ
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q1 ¼
4B2 þ 3pbB21
2B1
; ð2:5Þ
q2 ¼
2B3 þ 3pbB1B2 þ p2b2B31
2B1
: ð2:6Þ
The result is sharp.
Proof. If f(z) 2 Sk,b,p(g,u), then there is a Schwarz function
wðzÞ ¼ w1zþ w2z2 þ w3z3 þ . . . 2 X;
such that
1þ 1
b
1
p
zðf  gÞ0ðzÞ þ kz2ðf  gÞ00ðzÞ
ð1 kÞðf  gÞðzÞ þ kzðf  gÞ0ðzÞ  1
 
¼ uðwðzÞÞ: ð2:7Þ
Since
1
p
zðf  gÞ0ðzÞ þ kz2ðf  gÞ00ðzÞ
ð1 kÞðf  gÞðzÞ þ kzðf  gÞ0ðzÞ
¼ 1þ ð1þ kpÞ
p½1þ kðp 1Þ apþ1gpþ1z
þ 2½1þ kðpþ 1Þ
p½1þ kðp 1Þ apþ2gpþ2 
ð1þ kpÞ2
p½1þ kðp 1Þ2 a
2
pþ1g
2
pþ1
 !
z2
þ 3½1þ kðpþ 2Þ
p½1þ kðp 1Þ apþ3gpþ3 þ
ð1þ kpÞ3
p½1þ kðp 1Þ3 a
3
pþ1g
3
pþ1
 
 3½1þ kp½1þ kðpþ 1Þ
p½1þ kðp 1Þ2 apþ1apþ2gpþ1gpþ2
!
z3 þ . . . ; ð2:8Þ
and
uðwðzÞÞ ¼ 1þ w1B1zþ w21B2 þ w2B1
 	
z2
þ w3B1 þ w31B3 þ 2w1w2B2
 	
z3 þ . . . ; ð2:9Þ
then
apþ1 ¼ pbB1w1
gpþ1
1þ kðp 1Þ
1þ kp
 
;
apþ2 ¼ pB1b
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 
w2 þ w21
B2
B1
þ pw21B1b
 
;
and
apþ3 ¼ pB1b
3gpþ3
1þ kðp 1Þ
1þ kðpþ 2Þ
 
w3 þ 4B2 þ 3pbB
2
1
2B1
 
w1w2

þ 2B3 þ 3pbB1B2 þ p
2b2B31
2B1
 
w31

:
Therefore, we have
apþ2  la2pþ1 ¼
pB1b
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 
w2  tw21
 
; ð2:10Þ
where
t ¼ 2l gpþ2
g2pþ1
1 k
2
ð1þ kpÞ2
 !
pB1b
B2
B1
 pB1b
" #
:
The result (2.3) follows by an application of Lemma 1 and
the result (2.4) follows by an application of Lemma 3. The
result is sharp for the functions1þ 1
b
1
p
zðf  gÞ0ðzÞ þ kz2ðf  gÞ00ðzÞ
ð1 kÞðf  gÞðzÞ þ kzðf  gÞ0ðzÞ  1
 
¼ uðz2Þ; ð2:11Þ
and
1þ 1
b
1
p
zðf  gÞ0ðzÞ þ kz2ðf  gÞ00ðzÞ
ð1 kÞðf  gÞðzÞ þ kzðf  gÞ0ðzÞ  1
 
¼ uðzÞ: ð2:12Þ
This completes the proof of Theorem 1. h
Putting k= 0 in Theorem 1, we obtain the following corol-
lary which improves the result obtained by Ali et al. [3, Theo-
rem 2].
Corollary 1. Let u(z) = 1 + B1z + B2z
2 + . . ., B1 > 0. If
f(z) given by (1.1) belongs to the class Sb;p;gðuÞ and l is a
complex number, then
apþ2  la2pþ1
  6 pB1jbj
2gpþ2
max 1;
B2
B1
þ pB1b 1 2l
gpþ2
g2pþ1
" #

( )
:
The result is sharp.
Putting p= 1, k= 0 and gðzÞ ¼ z
1z in Theorem 1, we ob-
tain the following corollary which improves the result obtained
by Ravichandran et al. [5, Theorem 4.1].
Corollary 2. Let u(z) = 1 + B1z + B2z
2 + . . ., B1 > 0. If
f(z) given by (1.1) belongs to the class SbðuÞ and l is a complex
number, then
a3  la22
  6 B1jbj
2
max 1;
B2
B1
þ B1b½1 2l


 
:
The result is sharp.
Putting gðzÞ ¼ zp
1z and b ¼ 1 cp

 
eia cos a jaj < p
2
; 0 6

c < pÞ in Theorem 1, we obtain the following corollary.
Corollary 3. Let u(z) = 1 + B1z + B2z
2 + . . ., B1 > 0. If
f(z) given by (1.1) belongs to the class Sak;p;cðuÞ and l is a
complex number, then
apþ2la2pþ1
 6B1ðp cÞcosa
2
1þkðp1Þ
1þkðpþ1Þ
 
:
:max 1;
B2
B1
þB1 12l 1 k
2
ð1þkpÞ2
 !" #
ðp cÞeia cosa


( )
:
The result is sharp.
Remark 1. Putting k= 0, p= 1 and uðzÞ ¼ 1þz
1z in Corollary 3,
we obtain the result obtained by Keogh and Merkes [12, The-
orem 1].
Putting gðzÞ ¼ zp1z and k= 1 in Theorem 1, we obtain the
following corollary.Corollary 4. Let u(z) = 1 + B1z + B2z
2 + . . ., B1 > 0. If
f(z) given by (1.1) belongs to the class Cb,p(u) and l is a com-
plex number, then
apþ2la2pþ1
 6 p2B1jbj
2ðpþ2Þmax 1;
B2
B1
þpB1b 12l
pðpþ2Þ
ðpþ1Þ2
" #

( )
:
194 M.K. Aouf et al.The result is sharp.
By using Lemma 2, we can obtain the following theorem.
Theorem 2. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; ðBi > 0; i 2 N;
b > 0Þ. If f(z) given by (1.1) belongs to the class Sk,b,p(g,u)
and l is a real number, then
apþ2la2pþ1
 6
pb
2gpþ2
1þkðp1Þ
1þkðpþ1Þ

 
B2þpB21b 12l gpþ2g2
pþ1
1 k2ð1þkpÞ2

   
if l6r1;
pB1b
2gpþ2
1þkðp1Þ
1þkðpþ1Þ

 
if r1 6l6r2;
pb
2gpþ2
1þkðp1Þ
1þkðpþ1Þ

 
B2þpB21b 2lgpþ2g2
pþ1
1 k2ð1þkpÞ2

 
1
  
if lPr2;
8>>>>><
>>>>>:
ð2:13Þ
where
r1 ¼
ðB2  B1Þ þ pB21b
 
g2pþ1
2pB21bgpþ2
ð1þ kpÞ2
½ð1þ kpÞ2  k2 ;
and
r2 ¼
ðB2 þ B1Þ þ pB21b
 
g2pþ1
2pB21bgpþ2
ð1þ kpÞ2
½ð1þ kpÞ2  k2 :
The result is sharp.
Proof. First, let l 6 r1, then
apþ2  la2pþ1
 6 pB1b
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 

 B2
B1
þ pB1b 1 2l
gpþ2
g2pþ1
1 k
2
ð1þ kpÞ2
 !" #( )
6 pb
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 

 B2 þ pB21b 1 2l
gpþ2
g2pþ1
1 k
2
ð1þ kpÞ2
 !" #( )
:
Let, now r1 6 l 6 r2. Then, using the above calculations, we
obtain
apþ2  la2pþ1
  6 pB1b
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 
:
Finally, if lP r2, then
apþ2la2pþ1
 6 pB1b
2gpþ2
1þkðp1Þ
1þkðpþ1Þ
 

 B2
B1
þpB1b 2l
gpþ2
g2pþ1
1 k
2
ð1þkpÞ2
 !
1
" #( )
6 pb
2gpþ2
1þkðp1Þ
1þkðpþ1Þ
 

 B2þpB21b 2l
gpþ2
g2pþ1
1 k
2
ð1þkpÞ2
 !
1
" #( )
:
To show that the bounds are sharp, we deﬁne the functions
Kun(nP 2) by
1þ 1
b
1
p
zðKun  gÞ0ðzÞ þ kz2ðKun  gÞ00ðzÞ
ð1 kÞðKun  gÞðzÞ þ kzðKun  gÞ0ðzÞ
 1
 
¼ uðzn1Þ; Kunð0Þ ¼ 0 ¼ K0unð0Þ  1;and the functions Fb and Gb(0 6 b 6 1) by
1þ 1
b
1
p
zðFb  gÞ0ðzÞ þ kz2ðFb  gÞ00ðzÞ
ð1 kÞðFb  gÞðzÞ þ kzðFb  gÞ0ðzÞ
 1
 
¼ u zðzþ bÞ
1þ bz
 
; Fbð0Þ ¼ 0 ¼ F0bð0Þ  1;
and
1þ 1
b
1
p
zðGb  gÞ0ðzÞ þ kz2ðGb  gÞ00ðzÞ
ð1 kÞðGb  gÞðzÞ þ kzðGb  gÞ0ðzÞ
 1
 
¼ u  zðzþ bÞ
1þ bz
 
; Gbð0Þ ¼ 0 ¼ G0bð0Þ  1:
Cleary the functions Kun, Fb and Gb 2 Sk,b,p(g,u). Also we
write Ku = Ku2.
If l< r1 or l> r2, then the equality holds if and only if f
is Ku or one of its rotations. When r1 < l< r2, then the
equality holds if f is Ku3 or one of its rotations. If l= r1, then
the equality holds if and only if f is Fb or one of its rotations. If
l= r2, then the equality holds if and only if f is Gb or one of
its rotations. This completes the proof of Theorem 2. h
Putting k= 0 in Theorem 2, we obtain the following corol-
lary.Corollary 5. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; ðBi > 0; i 2 N;
b > 0Þ. If f(z) given by (1.1) belongs to the class Sb;p;gðuÞ and l
is a real number, then
apþ2la2pþ1
 6
pb
2gpþ2
B2þpB21b 12lgpþ2g2
pþ1
  
ifl6r1;
pB1b
2gpþ2
ifr16l6r2;
pb
2gpþ2
B2þpB21b 2lgpþ2g2
pþ1
1
  
iflPr2;
8>>><
>>>:
where
r1 ¼
ðB2  B1Þ þ pB21b
 
g2pþ1
2pB21bgpþ2
;
and
r2 ¼
ðB2 þ B1Þ þ pB21b
 
g2pþ1
2pB21bgpþ2
:
The result is sharp.
Remark 2. Putting b= p= 1 and gðzÞ ¼ z
1z in Corollary 5,
we obtain the result obtained by Murugusundaramoorthy
et al. [14, Corollary 2.2] and the result obtained by Shanmu-
gam and Sivasubramanian [6, Theorem 2.1 with a= 0].
Putting gðzÞ ¼ zp1z and k= 1 in Theorem 2, we obtain the
following corollary.Corollary 6. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; ðBi > 0; i 2 N;
b > 0Þ. If f(z) given by (1.1) belongs to the class Cb,p(u) and
l is a real number, then
apþ2la2pþ1
 6
p2b
2ðpþ2Þ B2þpB21b 12lpðpþ2Þðpþ1Þ2
h in o
if l6r1;
p2B1b
2ðpþ2Þ if r16 l6 r2;
p2b
2ðpþ2Þ B2þpB21b 2lpðpþ2Þðpþ1Þ21
h in o
if lPr2;
8>><
>>:
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r1 ¼
ðB2  B1Þ þ pB21b
 ðpþ 1Þ2
2p2B21bðpþ 2Þ
;
and
r2 ¼
ðB2 þ B1Þ þ pB21b
 ðpþ 1Þ2
2p2B21bðpþ 2Þ
:
The result is sharp.
Putting b= p= k= 1 and gðzÞ ¼ z
1z in Theorem 2, we im-
prove the result obtained by Murugusundaramoorthy et al.
[14, Corollary 2.3] and also improve the result obtained by
Shanmugam and Sivasubramanian [6, Theorem 2.1 with
a= 1].
Corollary 7. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; ðBi > 0; i 2 N;
b > 0Þ. If f(z) given by (1.1) belongs to the class C(u) and l is
a real number, then
a3  la22
  6
1
6
B2 þ B21  32 lB21
 
if l 6 r1;
B1
6
if r1 6 l 6 r2;
1
6
B2  B21 þ 32 lB21
 
if lP r2;
8>><
>>:
where
r1 ¼ 2ðB2  B1Þ þ 2B
2
1
3B21
;
and
r2 ¼ 2ðB2 þ B1Þ þ 2B
2
1
3B21
:
The result is sharp.
Using arguments similar to those in the proof of Theorem
2, we obtain the following theorem.
Theorem 3. Let uðzÞ ¼ 1þ B1zþ B2z2 þ . . . ; ðBi > 0; i 2 N;
b > 0Þ and
r3 ¼
B2 þ pB21b
 
g2pþ1
2pB21bgpþ2
ð1þ kpÞ2
½ð1þ kpÞ2  k2 : ð2:14Þ
If f(z) given by (1.1) belongs to the class Sk,b,p(g,u) and l is a
real number, then we have
(i) If r1 6 l 6 r3, then
apþ2  la2pþ1
 þ ð1þ kpÞ2g2pþ1
2pB21b½ð1þ kpÞ2  k2gpþ2
ðB1  B2Þ þ pB21b 2l
gpþ2
g2pþ1
ð1þ kpÞ2  k2
h i
ð1þ kpÞ2  1
2
4
3
5
8<
:
9=
;japþ1j2
6 pB1b
2gpþ2
1þ kðp 1Þ
1þ kðpþ 1Þ
 
: ð2:15Þ
(ii) If r3 6 l 6 r2, thenapþ2la2pþ1
 þ ð1þkpÞ2g2pþ1
2pB21b½ð1þkpÞ2k2gpþ2

 ðB1þB2ÞþpB21b 12l
gpþ2
g2pþ1
ð1þkpÞ2k2
h i
ð1þkpÞ2
2
4
3
5
8<
:
9=
;japþ1j2
6 pB1b
2gpþ2
1þkðp1Þ
1þkðpþ1Þ
 
; ð2:16Þ
where r1 and r2 are given in Theorem 2.
Remark 3. For different choices of g(z), k, b, p and u(z) in
Theorems 1–3, we will obtain new results for different classes
mentioned in the introduction.Acknowledgment
The authors thank the referees for their valuable suggestions
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